We calculate the weak localization (WL) correction to the conductivity of a lateral superlattice (LSL) with Rashba (R)-Dresselhaus (D) spin-orbit interaction (SOI). The superlattice is modeled as a sequence of parallel wires that support tunneling between adjacent sites, leading to the formation of extended Bloch states along its axis and a miniband in the energy spectrum. Our results, obtained by calculating the eigenvalues of the Cooperon operator in the diffusion approximation, indicate that the electron dephasing rate that determines the antilocalization correction is enhanced by a term proportional with the LSL potential and the bandwidth. Within the same formalism, the spin-relaxation rates associated with the localization corrections are found to exhibit a strong anisotropy dictated by the relative strength of the two SOI couplings, as well as by the orientation of the LSL axis.
I. INTRODUCTION
A lateral superlattice (LSL), created when a periodic potential acts along a given direction in a two-dimensional (2D) system, can be most generally described as a sequence of parallel quasi-one-dimensional wires that appear from the confinement of the electrons in the potential wells. In particular, in systems with spin-orbit interaction (SOI) this setup offers the opportunity of investigating the interplay between geometric and spin-dependent effects. Experimentally, the realization of this situation was obtained early on in semiconductor structures, 1 but more recently was revealed to exist in other circumstances, such as the vicinal stepped surface of Au(111). 2 Theoretical investigations of these systems have revealed interesting features that stem from an energy spectrum that showcases chiral minibands spin split by the spinorbit coupling, 3, 4 such as a modulated spin polarization, [5] [6] [7] enhanced plasmonic excitation frequency along the LSL axis, 8 or a SOI-induced modulation effect on the electric conductivity predicted to exist even at high temperatures. 9 Measurements of the spin-relaxation times in these systems have indicated that the strong spatial anisotropy is determining specific behavior, leading to the possibility of controlling such system parameters through the growth process of the LSL. 10 In this work we are inspired by the latter results to investigate the modulation effect induced by the Rashba (R) and Dresselhaus (D) SOI on the electric conductivity, as well as the anisotropy of the spin-relaxation rates within a unitary formalism derived in the weak localization approximation. Considering that the physical properties of the LSL are tuned in the growth process, our analysis bridges the theoretical discussion of isolated quantum wires 11, 12 with that of the isotropic 2D systems. 13, 14 In the following considerations, this continuous transition between the two limiting cases is parametrized by the miniband width that is allowed to develop in the single-particle energy spectrum as a result of tunneling between adjacent wires, when the single-particle states in the wells are extended into Bloch waves along the direction of the SL axis.
At the center of this investigation is the well known result that identifies the quantum interference of the electron trajectories that results from multiple scattering events as the source of the decrease in conductivity. The coupling between time-reversed trajectories, described by the convolution in phase space of an advanced and retarded Green's functions, defines the Cooperon or propagator operator. When averaged over the impurity distribution, the Cooperon presents integrable divergencies in the momentum space that determine the corrections to the conductivity in the weak localization approximation. 15 In the case of SOI systems the poles of the Cooperon involve the spin-relaxation rates along the three spatial directions. This results from the nonconservation of the electron spin in systems with SOI, when the spin components S i (i = x,y,z) undergo a relaxation process with time τ S i , proportional with the SOI strength, that introduces an additional channel of coherence loss in the the interference of the time-reversed trajectories. 13, 14, 16 The positive correction to the conductivity, the antilocalization term, is independent of SOI and results from the interference of states with opposite momenta and opposite spin that are odd under time-reversal symmetry.
The extension of this formalism to an LSL with RashbaDresselhaus SOI indicates that the scattered Bloch states are responsible for generating interference terms that remain different from zero in the localization limit, a result that appears independent of the strength of SOI or its origin. This is a consequence of the additional localization imposed by the external potential along the LSL axis leading to an enhancement of the dephasing rate that increases the antilocalization correction. At the same time, the spin-relaxation rates reflect the interference of the two spin-orbit couplings, as well as the anisotropy of the system embodied by the different diffusion coefficients. This generates possibilities of experimental control of the spin-relaxation process that can be considerably reduced for propagation along certain spatial directions, as was experimentally observed recently in Ref. 10 .
Our paper starts by introducing a general description of the system in Sec. II, followed by an outline of the computation algorithm presented in Sec. III. A discussion of the results is presented in Sec. IV.
II. THEORETICAL MODEL
We consider a 2D electron system with spin-orbit interaction that originates in the asymmetry of the quantum well (Rashba) as well as in the inversion asymmetry of the crystal (Dresselhaus), both linear in the particle momentum. While the strength of the Dresselhaus interaction β is determined by the atom structure of the material, the α that describes the Rashba coupling is known to be sensitive to externally applied electric fields, allowing for great liberty in choosing its magnitude. The corresponding single-particle Hamiltonian is customarily written in the natural coordinate system imposed by the two interactions along the crystallographic directions [110] , [110] renamed here {x ,ŷ }, when in terms of the electron momentum p = {p x ,p y } and spin σ = {σ x ,σ y ,σ z }
The external periodic potential, described as a sequence of infinitely attractive quantum wells separated by a distance a, is considered to act along a directionx rotated in respect witĥ x by an angle ϕ,
In this approximation, in each well, a single bound state of energy 0 = −¯h 2 κ 2 2m * associated with an eigenstate ν(x) = √ κe −κ|x| , with κ = m * V 0 /h 2 (m * is the effective electron mass). Allowing for weak tunneling between the quasi-onedimensional wires thus constructed, the single-particle state inside the wells broadens into a miniband whose width, estimated within the tight-binding approximation, is = 2 0 e −2κa . Since the SL axis introduces a preferential direction in the 2D plane, different from the axes defined by the SOI couplings, it is necessary to rewrite the Hamiltonian H SO in the new system of axis {x,ŷ}. The rotation of angle ϕ leaves the Rashba term in Eq. (1) unchanged, but modifies the Dresselhaus contribution. The new Hamiltonian, which includes the kinetic term as well as the external potential, is therefore
The exact solution of the eigenvalue-eigenfunction problem of the Hamiltonian given in Eq. (3) has been extensively studied by both analytical 7 and numerical methods. 4 These results indicate the existence of chiral split minibands whose width is determined by the interference between the broadening effect of the single-particle states in the presence of interwell tunneling and spin-orbit coupling that involves the periodic momentum along the LSL axis. In the weak localization problem, the dominant energy scale is introduced by the uncorrelated scattering on impurities,h/τ 0 . The scattering is assumed to be isotropic and elastic such that the relaxation time τ 0 is related to the strength of the impurity potential u 2 for a single spin density of states at the Fermi surface N 0 through τ
In this regime, whenh/τ 0 is much larger than either the miniband width or the SOI coupling, the effect of the spin-orbit interaction is treated perturbatively in an approximation that allows its reduction to a separate scattering mechanism by means of a non-Abelian unitary transformation in the spin space. 17, 18 The spin-dependent generator of the transformation A = {A x ,A y } is obtained by exploiting the linear coupling of the electron momentum to the spin in the SOI terms such that
Thus, in a first order approximation in the spin-orbit terms, H can be obtained from a single-particle Hamiltonian in the absence of SOI through
where
The equivalence between Eqs. (3) and (5) is proven by expanding the unitary operator, which commutes with the periodic potential, in first order in the SOI coupling constants and by neglecting the second-order terms, considered to be much smaller than the energy scale set by impurity scattering. An eigenstate of H 0 is built as a Bloch function from the single-particle states inside the wire ν(x), multiplying an up or down spin state χ σ = {|↑ ,| ↓ },
with
k x is subject to periodic boundary conditions and is given by k x = 2π Na j , where j ∈ [−N/2,N/2]. The single-particle energy is written, with respect to the minimum of the band, as
This spectrum describes an isolated quantum wire in the limit e −κa ∼ 0 when ∼ 0, while the isotropic 2D case is reached when k x a 1 and the effective electron mass constrains the relationship between and a through (m
2 . The eigenstates of the Hamiltonian H 0 are employed in obtaining the advanced and retarded spin-independent Green's functions
In the presence of SOI, these Green's functions are modified by the unitary transformation generated by A(σ ) in Eq. (4), such that in real space, for particle coordinates r and r , it is obtained:
Expanding Eq. (10) up to second order in A(σ ), we obtain
where r = r − r .
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The theory of the localization corrections to the conductivity is built around the the propagator operator or Cooperon which represents the convolution in phase space of the retarded and the advanced functions Green's functions that correspond to the time-reversed trajectories of two different electrons indexed by their spin operators σ and ρ at the Fermi surface
The matrix representation of the propagator occurs in the S 1 S 2 , where S 1 and S 2 are the two-dimensional spin spaces associated with each spin 1/2, denoted as σ and ρ. From Eq. (11) we write, withÃ = A(σ ) + A(ρ),
This result, obtained from the expansion of the two Green's functions in second order in τ 0 /h, introduces the diffusion coefficients along the two axes D x and D y which are defined in terms of the single spin density of states at the Fermi surface N 0 . Assuming full miniband occupancy, that is,
where k Fy = 2m * F /h 2 is the maximum value of theŷ momentum and E(x) is the complete elliptical function of the second kind. 19 In Eq. (15) the summation over states was transformed into an integral by using the periodic boundary conditions and the evenness of the interval of integration in k x and k y .
The Fermi energy F is correlated with the particle density n through
with θ ( k − F ) the Heaviside function and K(x) the complete elliptic integral of the first kind. 19 The diffusion coefficients D x,y in Eq. (14) are
By performing the summation over k, we obtain
where B(x,y) is the β function, while F (α,β,γ ; x) is the Gauss hypergeometric series.
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These results are illustrated in Fig. 1 in the case of a GaAs LSL with an electron concentration of n = 2 × 10 11 cm −2 . The variable parameter of the problem is , the miniband width that can be set by adjusting the periodic potential. The Fermi energy, plotted in the inset, is determined self-consistently by imposing that for every value, assuming a full occupation of the miniband, that is, k x ∈ [−π/a,π/a], the total number of particles is given by Eq. (16).
FIG. 1. (Color online)
The anisotropy of the diffusion coefficients as a function of the miniband width (expressed in meV) in a GaAs lateral superlattice with a = 30 nm and n = 2 × 10 11 cm −2 . In the inset, the variation of the Fermi energy E F is illustrated as a function of the miniband width (both expressed in meV) in a GaAs lateral superlattice with a = 30 nm and n = 2 × 10 11 cm −2 .
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III. THE COOPERON EIGENVALUES
The logarithmic corrections to the conductivity are given by the eigenvalues of the impurity-configuration averaged propagator P calculated in the limit of q → 0. P satisfies the following Dyson equation:
A solution to Eq. (19) is easily obtained within the Hilbert space of P 0 , where for an eigenfunction ψ jm , indexed by the quantum numbers of a system of two spins jm, an eigenvalue jm satisfies
In this representation, P 0 (q, ) = jm jm jm (r) jm (r ) and consequently, from Eq. (19),
Finally, the corrections to the conductivity for the x,y directions, respectively, are estimated as
Equation (20) is linearized in a standard procedure that involves the expansion of both P 0 (r,r ) and ij (r ) up to second order in r that facilitates the expression of the spatial integral in terms of the derivatives of the Fourier transform of the propagator Eq. (14):
A solution for the Cooperon eigenstate ψ jm (r) is proportional with the product in real space of two electron wave functions, associated, respectively, with the momentum −k + q and k multiplied by a spin part χ jm that can be expanded in the basis of the angular momentum eigenstates |j,m that correspond to the sum of two 1/2 spins, {|0,0 ,|1,1 ,|1,0 ,|1, −1 }. Thus,
where the spatial part of the function is written, from Eq. (7), as˜ 
In particular, the last equality recognizes that on account of the sharp decay of the single-well states ν(z), the Cooperon eigenfunction retains only the product of two functions ν that belong to the same well. The functionξ (x) has the periodicity of the LSL, which allows its expansion in a Fourier series,
with coefficientsξ G given bỹ
With these choices for the spatial part, the equation satisfied by the spin eigenstate of the Cooperon is written, from Eq. (23),
where the integration is performed on the unit cell. From symmetry considerations,
After a straightforward calculation using the simple model adopted here for the LSL, we find that 
We introduce the total spin operator J =h(σ + ρ)/2, its projection J z on theẑ axis, and the ladder operators J ± = J x ± iJ y = h(σ x ± σ y )/4. In terms of these operators, when Eq. (4) is considered, Eq. (32) becomes
An immediate solution to Eq. (33) is the singlet state |0,0 which corresponds to the antisymmetric, antiparallel orientation of the two electron spins. The other three modes are coupled for finite q and an analytical solution can be obtained only in certain cases, such as whenᾱ =β.
14 In the limit of q → 0, however, the Cooperon eigenvalues can be calculated exactly, their meaning being associated with the effective scattering rate of the three components of the spin.
A. The dephasing rate and the antilocalization correction
The antilocalization (AL) correction to the conductivity is generated by the |0,0 eigenstate of the Cooperon which is odd under time reversal. From Eq. (33) the associated eigenvalue is
The corresponding contribution to the conductivity is positive and is written from Eq. (22) as
In the 2D limit, when μ = 0, τ −1 φ = −i represents the inelastic dephasing time of the electrons that describes the loss of coherence between the time-reversed paths of the electrons. In contrast with the isotropic 2D case, the LSL valueτ φ includes an additional contribution provided by the existence of the periodic potential and the associated Bloch function that generates second-order nonzero spatial derivatives of the eigenstate even in the limit of zero momentum. Physically, the enhancement of the dephasing rate is associated with the interference effect mediated by the Bloch function, which forces the time-reversed trajectories of the Cooperon particles to overlap less than in the isotropic case.
The summation over q in Eq. (35) needs to consider the fact that in the case of the LSL, the momentum q x is defined only up to a reciprocal lattice vector. It is customary to redefine q x inside the first Brillouin zone, such that the addition of multiples of the reciprocal lattice vectors becomes apparent, q x → q x + 2πl/a, where l counts the number of wires N in the system. Therefore, the sum in q space is calculated as
The discrete sum over N is estimated for large N and for
This expression considers contributions to the antilocalization corrections for all Brillouin zone, in contrast with the approximation used in Ref. 21 where only the l = 0 (first Brillouin zone) was counted. When D x = 0, the summation over l reproduces simply the number of wires N . The AL conductivity correction for thex andŷ axis, respectively, is obtained, with input from Eqs. (22) and (37) 
with l φ = D y /τ φ −1 the dephasing length along theŷ direction. 21 The limit of the 2D system is obtained by constraining the effective band mass ( a 2 /2h) −1 to reach the effective mass value along theŷ direction m * .
B. Spin-relaxation rates and the localization correction
The spin-relaxation rates involved in the localization corrections to the conductivity are obtained from the other three solutions to the Cooperon eigenvalue equation (33) estimated in the limit q → 0. The localization correction corresponding to the |1,0 eigenvalue is associated with the relaxation time of the S z component of the electron spin,
The minimum of this expression as a function ofβ is realized forβ
In particular, whenβ =ᾱ, Eq. (42) indicates that propagation with minimum relaxation rate of S z occurs for angles that satisfy sin 2ϕ = 1 when D y > D x and for sin 2ϕ = −1 for D x > D y . Each one of these cases can be realized by adjusting the miniband width :
Two more solutions of the Cooperon equation are obtained from the coupled eigenstates |11 and |1, −1 ,
which generate the other two spin-relaxation rates,
Whenᾱ =β, for any value of the angle ϕ, the four solutions obtained from the Cooperon eigen-equation in the limit q → 0 become degenerate two by two and the weak localization correction to the conductivity is given only by the terms dependent on τ z . Furthermore, in the case of the isolated wire, when D x = 0 for the propagation direction that corresponds to sin 2ϕ = 0,β = ±ᾱ and the spin-relaxation rate cancels, a well known result in the physics of SOI systems. 22 In a LSL system, for significant bandwidth, as seen in Fig. 1 , the relationship betweenβ andᾱ, expressed in Eq. (42), allows for the minimization of the S z relaxation rate leading to a regime of almost free spin-relaxation transport, similar to what happens in isolated wires. In the special case of α = ±β, at angles ϕ = 3π/4 and ϕ = π/4, respectively, depending on the relationship between D x and D y , the WL correction to the conductivity reduces to that of the system in the absence of SOI.
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IV. RESULTS AND DISCUSSION
To illustrate our results, we consider a GaAs LSL with a = 30 nm and n = 2 × 10 11 cm −2 as above and use the results of Eqs. (18) values of r. At the same time 1/τ −ᾱ in Fig. 4 decreases with r for all values of at ϕ = 0, while at ϕ = 3π/4 has a nonmonotonic behavior with r, in both cases reaching zero at r = 1.
The dependence of the relaxation rates on the orientation angle of the superlattice ϕ ∈ [0,2π ] is studied for several values of the miniband width and ratios of the two spin-orbit couplings r. In Fig. 5 we show the variation of 1/τ −ᾱ for r = 0.5, when it reaches minima for ϕ = π/4 and ϕ = 5π/4 for all finite values of the bandwidth. The influence of and r on the minima reached by 1/τ zᾱ can be seen by comparison in Figs. 6(a)-6(c) where shifts in position and amplitude are seen. The same behavior is tracked by 1/τ +ᾱ in Fig. 7 .
In conclusion, our calculations show that the electron dephasing rateτ 
